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Attitude Stability of Satellites Subjected to
Gravity Gradient and Aerodynamic Torques

MARTIN A. FRIK*
University of Stuttgart, Stuttgart, Germany

The effect of aerodynamic and gravitational torques on the attitude stability of orbiting
satellites is investigated. The satellite is assumed to be a rigid body on a circular orbit. No
restrictions are made relative to mass and shape properties. Liapunov's direct method is
applied in case of conservative aerodynamic torques to investigate the stability of the satel-
lite's equilibrium orientations relative to an orbiting reference frame. At least one stable
equilibrium exists if the aerodynamic torque is conservative not only in the vicinity of the
equilibrium but also for arbitrary orientations of the satellite. This property is determined
by the shape of the satellite and the location of the center of mass. The stability investiga-
tion by linearized analysis shows that the equilibrium orientations are in general unstable
if the aerodynamic torque is nonconservative.

I. Introduction

AT altitudes up to about 800 km, aerodynamic torques
affecting orbiting satellites can be of the same order of

magnitude as gravitational torques and, consequently, can
have a considerable effect on the dynamic behavior of the
satellite. But even if aerodynamic torques are much smaller
than gravity-gradient torques, they can cause a destabilization
of gravity-gradient stabilized satellites.

The influence of aerodynamic and gravitational torques on
the attitude stability of satellites in circular orbits and in an
atmosphere of constant density has been treated in several
papers, but only satellites with special shape and mass proper-
ties have been considered.

Meirovitch and Wallace1 have investigated the stability of
a satellite that is spinning about an axis of dynamic and
geometric symmetry. Beletskii2 has considered the attitude
stability of a body of revolution whose axis of geometric
symmetry is coincident with a principal axis of inertia. In
Refs. 1 and 2 stable equilibrium orientations could be found
because of the shape and mass properties of the satellites
under consideration. Nurre3 has shown that arbitrarily small
aerodynamic torques can cause a destabilization of gravity-
gradient stabilized satellites. He has investigated a satellite
whose center of mass is in a plane of geometric symmetry and
whose axis of maximal moment of inertia is perpendicular to
this plane.

The present investigation makes no restrictions with re-
spect to mass distribution and shape. The satellite is con-
sidered to be an arbitrary, rigid body. A circular orbit is
assumed and the atmospheric density is taken to be constant.
The nonuniformity of the Earth's gravity field is ignored.

Coordinate Systems

The following coordinate systems (Fig. 1) are used.
1) The orbital coordinate system is designated 0*, the ori-

gin of which is the satellite's center of mass. The x$ axis is
directed along the radius vector connecting the center of mass
of the Earth and the satellite. The Xi axis is tangential to
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the orbit in flight direction and the x<i axis completes Ox to a
right-handed coordinate system.

2) The body-fixed coordinate system is designated Oy.
The 2/1, 2/2, and 2/3 axes are the satellite's principal axes of
inertia unless otherwise stated. The moments of inertia are
/i, J2, /s. The orientation of Oy relative to 0* is described by
three successive positive rotations cui, a2, ce3 about the axes 1,
2, 3.

The transformation matrix 6 between 0* and Oy defined by
y = 9x is with s = sin, c = cos

9 = — c«2sa3 c«ica3 — saisa2so:3 saica3 + c<2isa2sa3
L s«2 — soiicaz caicotz J

(i)
3) The orientations of the coordinate systems Ow and 0^ with

respect to Ox are determined by the rotations «i and c*i,a2,
respectively.

Gravity Gradient Torque

The gravity gradient torque described by its components in
the principal axes system is

3120
2 (2)

where 9;3 (i = 1,2,3) are the elements of the matrix 9, Eq.
(1), and 00 is the orbital angular velocity.

The gravity gradient torque is a conservative torque, the
potential of which is

2) (3)UG = f

where C\ is an arbitrary constant.

Aerodynamic Torque

The aerodynamic torque affecting the satellite depends
upon the orientation of a body-fixed geometric coordinate
system with respect to the flow vector. This orientation is
described by two angles. Since the aerodynamic torque is a
periodic function of the two angles, it can be approximated by
a finite number of terms of a Fourier series.3 This fact is
valid regardless of what mechanism is assumed for the inter-
action between the gas molecules and the satellite's surface.

We can assume with sufficient accuracy that the oncoming
stream of molecules is in the negative x\ direction, which
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implies that the rotation of the atmosphere due to the earth's
rotation is neglected. For the sake of simplicity we can
further assume, without loss in generality, that the geometric
coordinate system is aligned with the principal axes system.
Then the orientation of the geometric system with respect to
the flow vector is described by the angles a% and a?,.

In the following discussion we will assume that the aero-
dynamic torque is a known periodic function of o:2 and 0:3.
It will be denoted by MAx, M.Ay, MAw, or MAz if it is given in
0,, Otf, Ow, or 0,.

The aerodynamic torque is conservative if the work per-
formed on any closed path is equal to zero

W = + MAwzda2 + MAv4<x*) = 0 (4)

From condition (4) follows4 that the curl of MA must vanish
identically. Hence the conditions for conservative aerody-
namic torque are

= 0 (5)

= 0 (6)

= 0 (7)

As mentioned previously, the aerodynamic torque does not
depend on <XL With Eqs. (5) and (7) we get therefore

*,- = 0, i = 1,2,3 (8)

and the conditions for the aerodynamic torque to be conserva-
tive become

MAXI = const

dlf

(9)

(10)

A shape of the satellite for which the aerodynamic torque
about the x\ axis is independent of the satellite's orientation
and not zero, is hardly conceivable; therefore, MAxi will in
general be zero in case of conservative aerodynamic torque.

Conditions (9) and (10) are satisfied for all bodies of revolu-
tion if the center of mass is on the axis of geometric symmetry.
Let for the moment Oy be a geometric coordinate system with
?/3 being the axis of geometric symmetry and not necessarily a
principal axis of inertia. Then the Xi,y$ plane is always a
plane of geometric symmetry, and the aerodynamic torque
has no component in the Xi direction. Furthermore, MAy3 is
identically zero and MAW* does not depend on «3. Conse-
quently, the aerodynamic torque is conservative.

However, the aerodynamic torque is nonconservative if the
center of mass is not on the axis of symmetry. In this case,
condition (9) is violated. The aerodynamic torque is also
conservative if the center of pressure is body-fixed and the
aerodynamic force is constant and directed opposite to the
flight direction. This holds for bodies composed of an arbi-
trary number of spheres (e.g., a dumbbell-shaped satellite) if
no shadowing takes place and if the aerodynamic force on the
connecting rods is neglected. It may also be a good approxi-
mation for other shapes if only small deviations from the
equilibrium position are considered.

For conservative aerodynamic torque, a potential function
UA can be derived. The potential is equal to the negative
work performed by the aerodynamic torque if the satellite is
moved from a reference orientation on, to the orientation on
(i = 1,2,3)

X CK2

"
*2r

ra
J az

C2 (11)

where C2 is an arbitrary constant. A suitable reference posi-
tion could be otir = 0 or the equilibrium position cut-0, the
stability of which is to be investigated.

Fig. 1 Coordinate
systems.

For a body of revolution whose axis of geometric symmetry
is coincident with the 3/3 or the yz axis, the aerodynamic
potential will be only a function of a2 or o:3, respectively.

II. Stability Investigation in Case of
Conservative Aerodynamic Torque

According to Liapunov's direct method, an equilibrium
position E is shown to be stable if a function can be found for
the system which is positive-definite in the neighborhood of
E, and the total derivative of this function with respect to
time is negative semidefinite for the perturbed motion.5 Such
a function, if it exists, is called a Liapunov function for the
system.

For conservative systems, the Hamiltonian function H may
in certain cases be a suitable Liapunov function. The
Hamiltonian is constant for the perturbed motion and, there-
fore, the total derivative dH/dt is identically zero. Hence
the equilibrium position is stable if H turns out to be positive-
definite in the neighborhood of the equilibrium.

Hamiltonian Function

The Hamiltonian is defined as

where

3

L = T - U

(12)

(13)
is the Lagrangian function and T and U are the kinetic and
potential energy, respectively.

The kinetic energy is

T =

The angular velocity (Oy of the satellite is

(14)

+ 0:280:3 + 00(caisa3
— 0:180:300:2 + 0:200:3 + 120(co:iCQ:3 — 80:180:280:3)

0:180:2 + 0:3 — 120so:iCo:2

The kinetic energy T can be written in the form

T = T0 + T, + T2

(15)

(16)

where Tn (n = 0,1,2) is a homogeneous form of nth degree in
the da.

The potential U is composed of the aerodynamic potential
UA, Eq. (11), and the gravitational potential UG) Eq. (3).
With Eqs. (16) and (13), the Hamiltonian becomes6

H = T, + V
V is the dynamic potential

V = U0 + UA -

(17)

(18)
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Equilibrium Conditions

The equilibrium orientations E correspond to stationary
values of the dynamic potential. Therefore, the conditions

Vi = (d7/dc*0|at E = 0, i = 1,2,3 (19)
must be satisfied. If otio, ce20, and 0:30 denote an equilibrium
orientation E, the derivatives Vi are

Vi = 4iy{(72-71)

72 = 4120
2(72 — /i)

73 =

with UA* =

— 7i)(c2a30 — S2a20s2a3o) +
(I, - 73)c2a20]} + UAl

s2aw) X (20)
7i -73} + UA,

— S2a30) +

Stability Conditions

As mentioned previously, a sufficient condition for E to be
stable is that the Hamiltonian is positive-definite in the neigh-
borhood of 7?.f

In determining the positive definiteness of 77, the term !F2
can be ignored since it is always positive-definite. The sta-
bility condition is then as follows. The equilibrium position
is Liapunov-stable if the dynamic potential V is positive-
definite in the neighborhood of E. An equivalent condition
is that V must have a relative minimum at E. If V has a
relative minimum, one can make V positive-definite by suit-
ably choosing C\ in Eq. (3).

The necessary and sufficient conditions for a relative mini-
mum of V at E are7

7u > 0;
721 72

7u 712 713
72i 722 723
73i 732 733

> 0 (21)

7* = (527/da,c)ay)|at E (ij = 1,2,3)

Computing the second partial derivatives at E, we get

7n = —160o2(72 — 7i)so:ioC(2ioSa2oSa3oCa3o +
4120

2(c2a10 — s2aio){(7i — 7s)c2a2o +
/ f T \ / 9 0 9 \ )
(-L2 — /1AC "30 — SZCK2()S #3oJ J

812o2so:i()CaioS(22()Ca2o{ (72 — 7i)s2a3o + 7i — 73}

722 = —412o2(72 — 7i)caioSO!ioSa2oSa3ocaso -j-

{(72 - 7!)s2a3o + 7i - 73} + UAn (22)

- S2a20) +
30 — S2«30)}

733 =
C2a20) X
- S2a30)}

UAij =

t For a satellite whose ?/3-axis is an axis of geometric as well as
dynamic symmetry {7i = 72 and C7^(a2)}, the Hamiltonian does
not depend on «3 and, therefore, cannot be positive-definite.
However, in this case, a3 is a cyclic coordinate and can be re-
placed by a first integral of the motion. This special case is
treated in Ref. 1 and will be excluded from the further discussion.

Example 1

If the center of pressure is body-fixed and the aerodynamic
force is constant and directed against the flight direction, the
aerodynamic potential is

UA = \FA\XCPI = \FA\(ycpiGOi2COis — 2/cp2Ca2sa3 +

2/c-p3Sa2) (23)
where xcpi and ycpi are the coordinates of the center of pres-
sure in Ox and Oy, respectively. FA is the aerodynamic force.

Case I: Assuming an equilibrium for which two principal
axes of inertia are in the orbital plane, the equilibrium orien-
tation can be described by oiw = aso = 0 and 0 ^ a20 < ir/2.
a20 can be determined from Eq. (19) with Eqs. (20) and (23)

— 73) =

= 0
(24)

In this case the center of pressure must be in the orbital
plane. Using Eq. (24) the stability conditions (21) become

<
(h ~

- 7i){72 - 7i

- 73)c2a20 > 0

- 73)(1

^<

(h - 73)c2a20}

- 78)

(25)

Case II: For an equilibrium with two principal axes of
inertia being in the Xi,x% plane, the orientation can be de-
scribed by aw = oj20 = 0 and 0 ^ «30 ^ ir/2. The equilib-
rium conditions are

= 0
(26)

In the equilibrium orientation the center of pressure must be
in the Xi,x2 plane. The stability conditions are

/ 7" T \ 9 \ T T ^ f\(J-z — i-i)V &W ~r li — 7 3 > U

yen < ̂ o2(72 - 71)c3a3o/|FA| (27)

00
2ca30(71 — 73){3(72 — 73) + (72 — 7i)s2a3o}

ycpi < —————,_ , i ,T———;rr—;———:—j———pj—————|FA|{(^2 — 7i)c2ce30 + 7i — 73}
In addition to cases I and II there are equilibrium orienta-

tions possible wherein none of the Xi,Xj planes are two prin-
cipal axes of inertia. This case will be treated in example 3.

Determination of Stable Equilibrium Orientations
by Gradient Methods

Instead of determining stable equilibrium orientations as
described previously, it is sometimes easier to determine the
minima of 7, Eq. (18), numerically by gradient methods, e.g.,
the steepest descent method. The values o>w, «20, aSQ which
minimize 7 describe the stable equilibrium orientation of the
satellite.

Because 7 is in general a continuous, periodic function of
ai, OL%, as, with finite values, it has one absolute minimum and
possibly one or several relative minima. Therefore, at least
one stable equilibrium orientation exists.

Example 2

The procedure followed in this example can be applied to
any body of revolution with the center of mass being on the
axis of symmetry. A cylindrical body of length L and di-
ameter D (Fig. 2) is considered. We want to determine the
stable equilibrium orientations for different orientations of the
axis of geometric symmetry with respect to the principal axes
system.
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The moments of inertia are assumed to be 72 > l\ > h.
Without aerodynamic torque the stable equilibrium orienta-
tion would be aio = #20 = «30 = 0. In this example it is
advantageous to introduce a geometric coordinate system
which is not aligned with the principal axes system, to avoid
a recalculation of the aerodynamic potential in each con-
sidered case. The origin 0' of the geometric coordinate
system O/ is the center of the cylinder, the gs axis is the cylin-
der's axis, and the g\ axis is in the Xi,gs plane. The body's
center of mass 0 is on the #3 axis.

The aerodynamic force ¥A is always in the g^gz plane and
can be expressed by two force coefficients: the normal force
coefficient CFN and the axial force coefficient CFA

K2 =07

where

= K

K =

CFN
0

CFA J
(28)

(29)

with p being the atmospheric density, v the relative velocity
of the oncoming stream, and ARef the reference area for the
satellite. The aerodynamic torque about 0 is

=

L 0
(30)

where QCMZ is the gs coordinate of the center of mass. The
normal coefficient CFN is an odd function of the angle of attack
/3 between the g$ axis and the x\ axis

CFN = 2,-6,-si/3 (31)

where

61 = 0.860 + 2.346L/D, 63 - -0.499 + 0.420L/D
65 = -0.111 - 0.055L/D, b7 = -0.047 + 0.016L/D

69 = -0.024 - 0.006L/D, b2n = 0 n = 0,1,2,3. . .

These values were obtained from data furnished by the Lock-
heed Missiles and Space Co., Huntsville Research and Engi-
neering Center, Huntsville, Ala.

The aerodynamic potential is

UA =

or

UA = - (32)

UA is an even function of the angle of attack. This holds for
any body of revolution.

The orientation of the g$ axis with respect to the principal
axes system can be expressed by the direction cosines KI, K2,
/c8 between the positive gs axis and the yi, yz, ys axis, respec-
tively. It is

- K3SO!2 (33)

Fig. 2 Cylindrical
satellite.
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Fig. 3 Stable equilibrium orientations: example 2, case
I (———); example 3 (—).

and
Kl2 + K2

2 + K32 = 1 (34)

To normalize the function F, Eq. (18), we divide by (J2 —
: and get

(35)
V = 3(so:iCo:3

with
V = 27/[(/2 - /i)Qo»], ri = (/! - 73)/(/2 - 70 (36)

and
e = 2KgCM3/[(h - (37)

Cs is an arbitrary constant.
For given values of 77, e, L/D, KI, /c2, the stable equilibrium

orientations can be determined by seeking the angles a.i0 (i =
1,2,3) which minimize V.

Figures 3-5 show, for L/D = 2, aio as functions of K! and
K2, i.e., as functions of the orientation of the axis of geometric
symmetry with respect to the principal axes. For case I:
7?= 1; € = 0.1 (Fig. 3), for case II: 77 - 0.1; e = 0.01 (Fig.
4), and for case III: 77 = 10; e = 1 (Fig. 5). The values
for «2o are almost identical in all three cases and have, there-
fore, been plotted only for case I.
Example 3

We will return to the problem of a satellite with a body-fixed
center of pressure and with the constant aerodynamic force
directed opposite to the flight direction. Let the moments
of inertia be 72 > I\ > 1%.

Introducing the distance r between the center of mass and
the center of pressure, the normalized function V can be
written in form of Eq. (35) with V and 77 being the abbrevi-
ations, Eq. (36), and

e = -2r|FA|A20
2(72 - 7i), K, = yCPi/r

61 = 1, bj = 0, j ^
(38)
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~ 0.06{ K2 = 0.7
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Fig. 4 Stable equilibrium orientations: example 2,
case II.

For e = 0, i.e., for zero aerodynamic torque, the stable orien-
tation is again aw = a2Q = a3o = 0. The broken lines in Fig.
3 show the stable orientations for 17 = 1 and e = 0.5 as func-
tions of KI and K2.

III. Stability Investigation in Case of
Arbitrary Aerodynamic Torque

In the following discussion the assumption of conservative
aerodynamic torque will be dropped. Because the Hamil-
tonian is then no longer a suitable Liapunov function, stabil-
ity will be investigated by linearized analysis.

Equations of Motion

The motion of the satellite can be described either by the
Euler equations or by the Lagrange equations being

(39)

with L = T — Uoj where T and UG are expressions (14) and
(3), respectively.

In this paper, the Lagrange equations are used because of
certain symmetry properties of the linearized equations.
After inserting Eqs. (3) and (14) into Eq. (39) and setting

&i = d,-, = 0, i = 1,2,3

we get the equilibrium conditions

Vi = MAX1, V2 = MAW2, V3 = MAin (40)

where Vi are the expressions (20) with UAi = 0. To investi-
gate the stability of an equilibrium orientation E, the equa-
tions of motion are linearized in the vicinity of E introducing
the new variables 5i

(d/dt) [5L/dd2] -

5t = on — a.i0j i = 1,2,3 (41)

The di's are small angles.
If we neglect all small terms of second and higher order, we

get linearized differential equations which can be written in
the form

with

+ Gd + Cd = 0

d =

(42)

A is a symmetric matrix with the elements

An = C20!2o(/lC2a30 + /2S2«3o) + /3S2a2Q

AII = (/i — 72)ca:2oSa3oC<23o

AM = /3sa20, AM = 7iS2a3o + /2C2a30

^23 = 0, ^33 = h

The elements of the skewsymmetric matrix G are

(43)

(h
— S2a20)

(44)

(r23 =

and the elements of C are

^a.Olat * + V,3- (45)

C)«y) |at E + V*,;j = 1,2,3

where the Va are the expressions (22) with UAIJ ^ 0. C is
an unsymmetric matrix unless the aerodynamic torque satis-
fies conditions (5-7) for conservative torques at the equilib-
rium position.

Stability Conditions

The characteristic equation of (42) is

|^X2 + G\ + C\ = 0 (46)
Equation '(46) is of sixth degree in X and can be written as

deX6 + d5X5 + AX4 + dsX-3 + d2X2 + di\ + do = 0 (47)
with the coefficients

- \A\, d5 = 0}d, = g'Ag +

d3 = g'Ac, dz = g'Cg + f
ij

di = g'Cc, do = |C|

K, =05

(48)

0.2 0.3 OA 05 05 07 K,

0.1 0.2 0.3 OA 0.5 0.6 0.7 K,

-90 f

Fig. 5 Stable equilibrium orientations: example 2,
case III.
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where a*y and c»y are the cofactors of AH and C»y, respectively.
g is a vector formed by the elements of the skewsymmetric
matrix G

g=
ft;

(49)

and c is a vector formed by the skewsymmetric part of C

c =

The sum of the roots of the characteristic equation (47) is

Because d$ is zero, at least one of the roots must have a posi-
tive real part if there is at least one root with a nonvanishing
real part. Consequently, the equilibrium orientation E is
unstable unless all roots are imaginary.

E is infinitesimally stable if all roots are imaginary. In-
finitesimal stability, however, is a very weak statement be-
cause the higher-order terms, which have been neglected in
Eq. (42), decide whether E is stable. Necessary and suffi-
cient conditions for the roots to be imaginary can be given
without calculating the roots explicitly. A necessary condi-
tion is

di = cfe = 0 (52)
Because g is always unequal to zero, condition (52) can be
satisfied only in the following two cases.

Case I:

c = 0 (53)

The matrix C has no skewsymmetric part and the conditions
for conservative aerodynamic torque are satisfied at E. In
this case the stability of E can be determined by checking the
conditions (21) after the substitutions

UAa -* -dM Aw/das
are made.

Condition (53) is for instance satisfied if at E the Ox system
is coincident with the Oy system. Then the center of pressure
is on the yi axis and there results

E - 0

* = 0
Case II: Condition (52) is also satisfied for c ^ 0 if c is

perpendicular to both g'A and g'C

c j. g'C, c _L g'A (54)

If this condition holds, we can rewrite the characteristic equa-
tion (47) introducing s = X2

To get imaginary roots for Eq. (47), the roots of Eq. (55) must
be negative real. Consequently, the following conditions
must hold:

dA —
22 +

do > 0

< 0
(57)

(58)
with

q =

p =

> 0 (56)

Conditions (56) and (57) are the Hurwitz relationships for
the roots of Eq. (55) to have negative real parts, whereas Eq.
(58) is the condition for the roots to be real.8 The equilib-
rium orientation is unstable if at least one of the conditions
(54 and 56-58) is violated. Especially condition (54) is a
very strong restriction since it requires vector c to have a pre-
scribed direction in three-dimensional space. Because there
is only a very small chance that c will have exactly that direc-
tion, the equilibrium will in general be unstable for c ^ 0,
i.e., in case of nonconservative aerodynamic torque.

If the linearized equations of motion (42) for two of the 5/s
are uncoupled from the third one, the condition c = 0 is
necessary for stability.

IV. Summary of Analysis

The attitude stability of satellites influenced by gravity-
gradient and aerodynamic torques has been investigated under
the assumptions of circular orbits and constant atmospheric
density.

In case of conservative aerodynamic torque, at least one
stable equilibrium orientation exists. The stable orientations
can be found either by solving Eqs. (19) and checking condi-
tions (21), or by numerically determining the minimum of the
dynamic potential, Eq. (18). The shape of the satellite and
the location of the center of mass determine whether the aero-
dynamic torque is conservative. For all bodies of revolution
with the center of mass located on the axis of symmetry, the
aerodynamic torque is conservative.

Stable equilibrium orientations may also exist if the aero-
dynamic torque is conservative only in the vicinity of the
equilibrium.

Nonconservative aerodynamic torques will in general cause
a destabilization of all equilibrium orientations.
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